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Abstract Is any positive knot the closure of a positive braid? No. But if we consider
positivity in terms of the generators of the braid group due to Birman, Ko and Lee,
then the answer is yes. In this paper we prove that the same occurs when considering
homogeneity.
In the way we prove that the plumbing of two surfaces is a BKL-homogeneous surface
if and only if both summands are BKL-homogeneous surfaces, a parallel result to that
of Rudolph involving quasipositive surfaces. BKL-homogeneous surfaces are, in fact, a
natural generalization of quasipositive surfaces.
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1 Introduction
The notion of “homogeneity” exists for links and also for braids. In the latter case this
notion is defined with respect to a given generating set, and depends on this choice. In
this paper we study the connection between these notions.
Homogeneous links were introduced by Peter Cromwell in [7]; a link is homogeneous
if it has a homogeneous diagram, that is, a diagram in which all the edges of each block
of its Seifert graph have the same sign (see Section 2).
The braid group on n strands, Bn, has a standard presentation due to Artin ([1],
[2]) with σ1, . . . , σn−1 as generators. A braid is said to be Artin-homogeneous if it can be
represented by a homogeneous standard braid word, that is, a braid word where each Artin
generator appears always with the same sign. Note that usually these braids are simply
called homogeneous braids [13]; as we are going to work with two different presentations
of Bn, we will refer to these braids as Artin-homogeneous.
It is obvious that the closure of any Artin-homogeneous braid is a homogeneous link.
However, not every homogeneous link is the closure of an Artin-homogeneous braid, as we
prove in Proposition 3.1.
J. S. Birman, K.H. Ko and S.J. Lee gave in [5] a new presentation of the braid group
Bn on n strands; in this presentation, generators are given by σrs, with 1 ≤ r < s ≤ n,
where σrs = (σs−2 . . . σr)−1σs−1(σs−2 . . . σr). Define BKL-homogeneous braids as those
braids which can be expressed by a homogeneous BKL-word, that is, a braid word using
Birman-Ko-Lee generators with each generator appearing always with the same sign. A
link is BKL-homogeneous if it is the closure of a BKL-homogeneous braid.
In this paper we prove that every homogeneous link is BKL-homogeneous (Corollary
7.3). The converse is not true: we will see that the non-homogeneous knot 948 is the
closure of a BKL-homogeneous braid.
To show that homogeneous implies BKL-homogeneous, we extend a result by Lee
Rudolph [11] to the case of BKL-homogeneous surfaces. More precisely, BKL-homogeneous
braided surfaces are Seifert surfaces whose boundaries are BKL-homogeneous links. A
surface is BKL-homogeneous if it is ambient isotopic to a BKL-homogeneous braided
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surface. The main result of this paper is the following:
Theorem 1.1. Let S = S1 ∗S2 be a Stallings plumbing of Seifert surfaces S1 and S2; then
S is a BKL-homogeneous surface if and only if both S1 and S2 are BKL-homogeneous
surfaces.
As a consequence of Theorem 1.1 we prove in Corollary 7.2 that pseudoalternating links
are BKL-homogeneous, where pseudoalternating links are a family of links introduced by
E.J. Mayland and K. Murasugi in [9] which contains the family of homogeneous links.
The plan of the paper is as follows. In Section 2 we recall the definitions of homogeneous
and pseudoalternating links. Section 3 is devoted to set some definitions involving braids:
homogeneous braids and BKL-homogeneous braids; we also show the relation between
homogeneous links and homogeneous braids. In Sections 4 we recall concepts such as star
and patch, which will be used in Sections 5 and 6 in order to define braided surfaces and
a special type of Stallings plumbing involving them. In Section 7 we present the main
Theorem, and prove that every homogeneous link is BKL-homogeneous.
2 Homogeneous and pseudoalternating links
Given an oriented diagram D of a link L, the surface SD obtained by applying Seifert’s
algorithm [6] is known as projection surface of L associated to D.
Given a projection surface SD, we can construct a graph GD as follows: associate a
vertex to each Seifert disc and draw an edge connecting two vertices if and only if their
associated Seifert discs are connected by a band; each edge must be labelled with the sign
+ or − of its associated crossing in D. The graph GD is called the Seifert graph associated
to D.
Given a connected graph G, a vertex v is a cut vertex if G\{v} is disconnected. Cutting
G at all its cut vertices produces a set of connected subgraphs containing no cut vertices,
each of which is called a block of the graph. A Seifert graph is homogeneous if all the
edges of a block have the same sign, for all blocks in the graph.
Definition 2.1. An oriented diagram D is homogeneous if its associated Seifert graph GD
is homogeneous. A link is homogeneous if it has a homogeneous diagram.
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Figure 1: A diagram of the knot 943 (taken from [4]), the diagram obtained when applying Seifert’s
algorithm and its associated Seifert graph. Dark and light colors represent positive and negative
signs, respectively. 943 is homogeneous, as the diagram in the figure is so.
Homogeneous links were introduced by Peter Cromwell in [7]; a more general class is
the class of pseudoalternating links, introduced by E.J. Mayland and K. Murasugi in [9],
which we define next.
Primitive flat surfaces are those projection surfaces arising from positive or negative
diagrams that has not nested Seifert circles. A generalized flat surface is an orientable
surface obtained by a finite iteration of Stallings plumbings, using primitive flat surfaces
as the bricks of the construction (see Figure 3). The Stallings plumbing or Murasugi sum
will be defined in Section 6.
Definition 2.2. A link is said to be pseudoalternating if it is the boundary of a generalized
flat surface.
Since the projection surface constructed from any homogeneous diagram is a general-
ized flat surface, it follows that every homogeneous link is pseudoalternating. The converse
is a consequence of a conjecture by Kauffman [8]; Mayland and Murasugi posed a similar
question in [9].
3 Artin-homogeneous and BKL-homogeneous braids
A braid can be represented by a braid word, using the generators of the standard
presentation of the n strands braid group Bn given by Artin in [1], [2]; the generator σi
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Figure 2: S1 and S2 are primitive flat Seifert surfaces. By an identification of discs D1 and D2,
the generalized flat surface S is obtained. The link spanned by S is a pseudoalternating link.
represents a crossing involving strands in positions i and i+ 1.
Bn =
〈
σ1, σ2, ..., σn−1
∣∣∣∣∣ σiσjσi = σjσiσj |i− j| = 1σiσj = σjσi |i− j| > 1
〉
Definition 3.1. A braid word is said to be homogeneous if for each i, the exponents of all
occurrences of σi have all the same sign. A braid is homogeneous if it can be represented
by a homogeneous word.
Since we are going to work with two different presentations of the braid group Bn in this
paper, braid words written with the classical Artin generators will be called Artin-words.
Thus, homogeneous words and homogeneous braids in Definition 3.1 become homogeneous
Artin-words and Artin-homogeneous braids respectively. Closures of Artin-homogeneous
braids are Artin-homogeneous links.
Peter Cromwell stated in [7] that there are homogeneous links which cannot be pre-
sented as Artin-homogeneous braids, without giving a proof; here, we give a proof of this
result by finding an example of these links.
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Proposition 3.1. There are homogeneous links which are not closure of any Artin-
homogeneous braid.
Proof. The knot 52 is positive, hence homogeneous; it is for example the closure of the
braid β = σ−32 σ
−1
1 σ2σ
−1
1 , which is not a homogeneous Artin-word. Suppose that 52 is
the closure of a braid γ represented by a homogeneous Artin-word w. We take w of
minimal length among all homogeneous Artin-words whose associated closed braid is 52.
Let D be the associated homogeneous diagram. As projection surfaces constructed from
homogeneous diagrams have minimal genus [7], g(SD) = g(52) = 1 leads to s + 1 = c,
where s and c are the number of Seifert discs and bands in SD. Notice that s is the number
of strands and c is the number of crossings of γ.
Since c ≥ 5, γ must have at least 4 strands, and then some generator σi must appear
at most once. All generators must appear, since 52 is a knot (a one-component link), so
there exists one generator appearing exactly once, and this is a nugatory crossing. This is
a contradiction with the minimality of w since 52 is prime.
The braid group Bn admits another well known presentation due to Birman, Ko and
Lee [7]; σij means strands i and j cross passing in front of the other strands. That is,
σij = (σj−2 . . . σi)−1σj−1(σj−2 . . . σi), with i < j:
Bn =
〈
σrs, 1 ≤ r < s ≤ n
∣∣∣∣∣ σstσqr = σqrσst (t− r)(t− q)(s− r)(s− q) > 0σstσrs = σrtσst = σrsσrt 1 ≤ r < s < t ≤ n
〉
A braid word in terms of Birman-Ko-Lee generators will be called a BKL-word. In a
positive (negative) BKL-word only positive (negative) exponents occur. A homogeneous
BKL-word is a BKL-word in which for each i, j, the exponents of all occurrences of σij
have all the same sign.
Definition 3.2. A BKL-positive (negative) braid is a braid which can be expressed by a
positive (negative) BKL-word. If a link is the closure of a BKL-positive (negative) braid,
we call it BKL-positive (negative) link.
Lee Rudolph proved in [12] that positive links are BKL-positive links. Taking the
mirror image of the link, it follows that negative links are BKL-negative links. The converse
6
Figure 3: w and w′ are two equivalent words expressing a same braid, β. As w′ is a homogeneous
BKL-word, β is a BKL-homogeneous braid. Knot 948 can be expressed as the closure of β, thus
948 is a BKL-homogeneous link.
is not true, however a theorem by Baader [3] states that a knot is positive if and only if it
is homogeneous and BKL-positive.
Definition 3.3. A braid is BKL-homogeneous if it can be represented by a homogeneous
BKL-word. The closure of a BKL-homogeneous braid is a BKL-homogeneous link.
Note that BKL-positive and BKL-negative links are BKL-homogeneous. We will prove
that every homogeneous link is a BKL-homogeneous link. The converse is not true:
Proposition 3.2. There are BKL-homogeneous links which are not homogeneous.
Proof. On one hand the knot 948 (Figure 3) is not homogeneous [7], and on the other
hand it is the closure of the braid γ = [w], where w = σ23σ2σ
−1
3 σ2σ3σ
−1
1 σ2σ
−1
3 σ2σ
−1
1 ; since
σii+2 = σi+1σiσ
−1
i+1, then γ = [w
′], where w′ = σ34σ24σ23σ−112 σ24σ23σ
−1
12 is a homogeneous
BKL-word.
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4 Stars and patches
Throughout this section, every surface will be assumed to be compact and oriented.
A Seifert surface is in addition connected and its boundary is non-empty. In a handle
decomposition of a surface S
S =
(⋃
x∈X
dx
) ⋃ (⋃
z∈Z
bz
)
,
we refer to the (disjoint) 0-handles dx as discs, and to the (disjoint) 1-handles bz as
bands. Write Sd =
⋃
x∈X dx and S
b =
⋃
z∈Z bz. The attaching regions are the connected
components of ∂Sd
⋂
∂Sb = Sd
⋂
Sb.
Let us define #d(S) := card (X) and #b(S) := card (Z); in other words, given a
surface decomposed as above #d counts its number of discs and #b its number of bands.
Given a point p ∈ S, write dp or bp for the unique disc or band containing p; p is in an
attaching region if and only if p is contained in a disc and a band.
Definition 4.1. Let S be a surface. An n-star ϕ ⊂ S consists of an interior point c of S,
called the center of ϕ, together with n arcs (called rays) τ1, . . . , τn pairwise disjoint except
at c, each one going from c, along the interior of S, to a point in ∂S. The final point of
τi will be denoted tip(τi).
A regular neighborhood Ns(ϕ) of an n-star ϕ ⊂ S is called an n-patch.
An n-patch can be thought as a polygon with 2n edges, which are alternately boundary
arcs and proper arcs in the surface.
Let S be a surface with a handle decomposition as above; we say that an n-star ϕ ⊂ S
is transverse to the decomposition of S if the center of the n-star lies in Int Sd and each ray
τi is transverse to S
d
⋂
Sb, with tip(τi) ∈ ∂Sd\Sb (that is, tip(τi) belongs to the boundary
of a disc, but not to the attaching regions).
Let ϕ be a transverse n-star; from now on, “arc” will mean a connected component
of either ϕ
⋂
Sd or ϕ
⋂
Sb, that is, the arcs obtained by cutting the n-star using the
attaching regions as blades (the arc containing the center of the star is not properly an
arc); for each ray τ ⊂ ϕ, write δb(τ) for the number of arcs contained in τ which lie
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on bands of the surface, that is, δb(τ) is the number of connected components of τ
⋂
Sb.
Then δb(ϕ) :=
∑
τ⊂ϕ
δb(τ) counts the number of times that the n-star crosses the bands. If
δb(τ) > 0 we say that τ is a long ray. An n-star ϕ ⊂ S is minimal with respect to the
decomposition of the surface if δb(ϕ) ≤ δb(ϕ′) for every n-star ϕ′ ⊂ S transverse to the
decomposition and ambient isotopic to ϕ in S.
Let τ ⊂ ϕ be a long ray; we denote tail(τ) the unique arc containing tip(τ), which
lies on a disc, dtip(τ). The other endpoint of the tail is the coccyx of τ , which is on an
attaching region. The arc tail(τ) divides dtip(τ) in two discs; if at least one of them is
disjoint with the bands in S, except for bcoccyx(τ), the ray τ is called loose. We say that τ
is slack if it contains an arc with both endpoints on the same attaching region.
Lemma 4.1 (Rudolph [11]). If τ is a ray of a minimal n-star, then τ is neither slack nor
loose.
Proof. Let τ be a slack ray; it has a slack arc related to an attaching region. The innermost
slack arc associated to this attaching region (that is, the one with no arcs in the disc
bounded by itself and the segment joining its endpoints), can be removed by pushing it to
the other side of the attaching region. The resulting n-star ϕ′ is ambient isotopic to the
original one, but δb(ϕ
′) < δb(ϕ). Hence ϕ is not minimal; a contradiction.
Suppose τ is not slack. If τ were loose, there could exist other rays whose coccyx
and tips are in the segment joining coccyx(τ) and tip(τ); as ϕ cannot intersect itself,
these rays must have their coccyx in the same attaching region as τ , so they are loose
too. The innermost one, τ ′, can be removed, by performing an ambient isotopy pulling
tip(τ ′) along the boundary of the surface, crossing back the last band the ray had crossed,
bcoccyx(τ ′) = bcoccyx(τ), and obtaining an n-star ϕ
′ with δb(ϕ′) = δb(ϕ)− 1, yielding again a
contradiction.
5 Braided surfaces
We will say a Seifert surface is braided (see Figure 4) if it has a handle-decomposition
S =
(⋃
x∈X
dx
) ⋃ (⋃
z∈Z
bz
)
9
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Figure 4: Braided surface S = S(w), with w = σ−125 σ15σ24σ15σ
−1
34 σ13σ
−1
25 . In this example,
L(z1) = 2, R(z1) = 5, e(z1) = −, L(z6) = 1, R(z6) = 3 and e(z6) = +.
where:
• X = {1, 2, ..., n} for a certain n, and if x ∈ X then dx := {x}× [0, 1]× [0, k] is a (1× k)-
rectangle parallel to the plane Y Z at a distance x from it. Orient each dx such that its
normal vector has the same orientation as the X-axis.
• Z ⊂ R is a finite set, and for each z ∈ Z, bz is a band joining two different discs, dx0 and
dx1 , with x0 < x1; let P = (x, y, z
′) ∈ bz, then x0 ≤ x ≤ x1, y ≤ 0 and z′ ∈ [z − ε, z + ε],
ε > 0. Moreover, the intersection of bz with each plane x = t ∈ [x0, x1] is a segment of
length 2ε whose center is a point of height z.
• The attaching regions are those segments where bz intersects the plane y = 0; they are
given by {x0} × {0} × [z − ε, z + ε] and {x1} × {0} × [z − ε, z + ε]. When t travels from
x0 to x1, the segment bz
⋂{x = t} makes a half twist, which can be positive or negative,
as can be seen in Figure 4.
We define maps L,R : Z −→ X by the condition that a band bz joins the discs dL(z)
and dR(z) with L(z) < R(z). Also, e : Z −→ {+,−} assigns to each z ∈ Z the sign of the
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half twist of the band bz.
The boundary of a braided surface S (with a certain handle-decomposition) is an ori-
ented link, closure of a braid represented by the BKL-word wS = σ
e(z1)
L(z1)R(z1)
· · ·σe(zb)L(zb)R(zb),
where Z = {z1, . . . , zb}, with z1 > z2 > · · · > zb. Reciprocally, given a BKL-word w, there
is a unique (up to isotopy) braided surface S(w) such that wS(w) = w. It is important
to remark that different words representing the same braid may determine non isotopic
braided surfaces; as an example consider the braided surfaces S(σ12σ
−1
12 ) and S(1). How-
ever, if S = S(w) and S′ = S(w′) are two ambient isotopic braided surfaces, then w and
w′ are BKL-words representing braids whose closures are equivalent links.
Definition 5.1. A surface S ⊂ S3 is said to be BKL-positive (BKL-negative) if it is
ambient isotopic to a braided surface S′ = S(w), with w a positive (negative) BKL-word.
The boundary of a BKL-positive surface is a BKL-positive link. Let us remark that
BKL-positive surfaces are those classically named quasipositive surfaces, and BKL-positive
links are known as strongly quasipositive links in the literature (see for example [11], [12]).
Definition 5.2. A BKL-homogeneous braided surface is a braided surface S(w) where w
is a homogeneous BKL-word. A surface is BKL-homogeneous if it is ambient isotopic to
a BKL-homogeneous braided surface. An Artin-homogeneous braided surface is a braided
surface S(w), with w a homogeneous Artin-word. A surface is Artin-homogeneous if it is
ambient isotopic to an Artin-homogeneous braided surface.
Clearly, BKL-positive and BKL-negative surfaces are BKL-homogeneous.
Note that a link is BKL-homogeneous if and only if it is the boundary of a BKL-
homogeneous surface. Although the boundary of an Artin-homogeneous surface is a
homogeneous link, there are homogeneous links which are not boundary of an Artin-
homogeneous surface, as we saw in Proposition 3.1.
The following operations, defined in [11] and shown in Figure 5, carry a braided surface
S = S(w) to an ambient isotopic one, S′ = S(w′):
-Inflation (I): given an strand i and a sign ε, an inflation consists on replacing w = uv
with w′ = u′σεii+1v
′, where u′ (v′) equals u (v) after replacing each σjk appearing in u (v)
by σf(j)f(k), with f(a) = a if a ≤ i and f(a) = a + 1 if a > i. This operation inserts
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Figure 5: These movements are ambient isotopies between braided Seifert surfaces. A small circle
represents a positive or negative crossing.
a disc and a band to S. The opposite is called deflation (D). In the braid setting, these
movements are natural generalizations of the stabilization/destabilization movements.
-Slip (S): permute σij and σkl if i and j do not separate k and l, or k and l do not separate
i and j. In the surface, it exchanges the height of two consecutive unlinked bands. It is
related to the first relation of the BKL presentation of Bn.
-Slide up (SU): close to the second relation in the BKL presentation of Bn, when i < j < k
it replaces subwords σ+1jk σ
±1
ij , σ
−1
ij σ
±1
jk , σ
+1
ij σ
±1
ik or σ
−1
jk σ
±1
ik in w with σ
±1
ik σ
+1
jk , σ
±1
ik σ
−1
ij ,
σ±1jk σ
+1
ij or σ
±1
ij σ
−1
jk in w
′, respectively. In the surface, it can be thought as sliding the
lower band (in the pair of bands involved in the movement) over the other one, using one
of its boundary arcs as a rail. The opposite is called slide down (SD).
-Twirl (TW): it passes the leftmost string in the braid β, represented by w, to the rightmost
position. The BKL-word w′ will be obtained from w after replacing each σij with σi−1j−1
if i 6= 1, or σj−1n if i = 1, with n the number of strands in β.
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-Turn (T): it sends the last BKL-generator appearing in w to the first position; in the
surface, the lowest band slides up behind the discs to the highest position. In the braid
setting, this movement corresponds to a conjugation.
6 Stallings plumbing and braided Stallings plumbing
Let S ⊂ S3 be a Seifert surface; let S2 ⊂ S3 be a sphere separating S3 into two non
empty 3-balls, B1 and B2, such that B1
⋃
B2 = S
3 and B1
⋂
B2 = S
2. Let N = S
⋂
S2,
S1 = S
⋂
B1 and S2 = S
⋂
B2. If Si are Seifert surfaces and for some ni, i = 1, 2, N ⊂ Si
is a ni-patch in Si, we say that S
2 deplumbs S into two plumbands, and that S is the
Murasugi sum or Stallings plumbing of S1 and S2. We write S = S1 ∗ S2.
If we try to define the operation S = S1 ∗ S2 starting from the plumbands some
additional information is needed: given two Seifert surfaces, S1 and S2, we need to specify
the gluing ni-patches Ni ⊂ Si, i = 1, 2, and an orientation-preserving homeomorphism
h : N1 −→ N2, with h(N1
⋂
∂S1)
⋃
(N2
⋂
∂S2) = ∂N2 (that is, the image under h of the
boundary arcs of N1 in S1 covers the interior arcs of N2 in S2). See [11] for more details.
When both S1 = S(w1) and S2 = S(w2) are braided surfaces, a special Stallings
plumbing called braided Stallings plumbing can be performed: If S1 and S2 have handle
decompositions as in Section 5, the new surface S = S(w) = S(w1) ∗S(w2) is defined as a
Stallings plumbing using the first disc d21 in S(w2) and the last disc d
1
n1 in S(w1) as gluing
discs.
The surface S = S(w) = S1 ∗ S2 will be a braided Seifert surface with #d(S) =
#d(S1) + #d(S2) − 1 and #b(S) = #b(S1) + #b(S2); the order in the bands involving
d1n1 = d
2
1 will be given by a shuffling of the bands involving d
1
n1 and d
2
1 in S(w1) and S(w2)
respectively, keeping their internal order in the original surfaces.
Algebraically, w can be thought as a resulting BKL-word when shuffling w1 and w
′
2,
with w′2 the BKL-word obtained after replacing each generator σij in w2 with σi′j′ , where
i′ = i+ n1 − 1 and j′ = j + n1 − 1, n1 the number of strands in β1 = [w1].
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Figure 6: Surfaces S1 = S(w1) and S2 = S(w2) where w1 = σ13σ
−1
12 σ
−1
13 and w2 = σ
−1
14 σ13σ
−1
23 σ
−1
14 .
After a shuffling of w2 and w
′
2 = σ
−1
36 σ35σ
−1
45 σ
−1
36 , we obtain w = σ
−1
36 σ13σ35σ
−1
12 σ
−1
45 σ
−1
13 σ
−1
36 , which
represents the braid whose closure bounds S = S(w), a braided Stallings plumbing of S1 and S2.
7 BKL-homogeneity under Stallings plumbing
The following result was shown in [11, Lemma 4.1.4] in the particular case of quasi-
positive surfaces (BKL-positive surfaces in this paper). We use the same techniques to
extend the result to the case of BKL-homogeneous surfaces.
Lemma 7.1. Let S = S(w) be a BKL-homogeneous braided surface and ϕ ⊂ S a minimal
braided n-star with δb(ϕ) > 0. Then there exists a BKL-homogeneous braided surface
S′ = S(w′) and an ambient isotopy of R3 carrying (S, ϕ) to (S′, ϕ′), where ϕ′ is a minimal
braided n-star with δb(ϕ
′) < δb(ϕ). This construction can be done in such a way that
#d(S
′) = #d(S) + 1 and #b(S′) = #b(S) + 1.
Proof. Since δb(ϕ) > 0, the n-star ϕ has a long ray τ 6⊂ Sd. τ can be chosen so that tail(τ)
is innermost (that is, the segment coccyx(τ)tip(τ) does not contain the endpoint tip(τ ′)
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of other ray τ ′ ⊂ ϕ). Notice that there could be arcs of the star (not tails) in the region
determined by tail(τ) and the segment coccyx(τ)tip(τ).
Let dx0 = dtail(τ) and bz0 = bcoccyx(τ). Let ztip(τ) be the z-coordinate of tip(τ). Rotating
the surface to put it upside-down if necessary, we can assume that ztip(τ) > z0. By taking
the mirror image if necessary (inverting the x-direction) we can assume that e(bz0) = +.
And applying some twirls if necessary, we can assume that x0 = L(bz0), that is, the disc
attached to dx0 by bz0 is on its right.
1) A picture of regions of dx0 and dx1 , with x1 := R(bz0), attached by bz0 is shown in
Figure 7 (the neighborhood of tail(τ) is included in the picture). Note that x1 is not
necessarily the successor of x0 in X. Write B
τ := {bz ∈ Sb, z ∈ (z0, ztip(τ))}, Bτx0 := {bz ∈
Bτ such that either L(bz) = x0 or R(bz) = x0} ⊂ Bτ . As ϕ is minimal, τ is not loose, so
the set Bτx0 is not empty; note that B
τ
x0 may contain bands attaching dx0 and dx1 , but as
S is a BKL-homogeneous braided Seifert surface, their sign would be equal to e(bz0) = +.
Write z1 := max
bz∈Bτ
z, that is, bz1 is the highest band between coccyx(τ) and tip(τ) (Figure
7A).
2) Perform an inflation of sign e(bz0) = + introducing a new band, bz˜, and a new disc,
d′
x+0
, so that z˜ ∈ (z1, ztip(τ)) and of course x+0 is the successor of x0 in X ′ = X
⋃{n + 1}
(Figure 7B); each dxj with xj > x0 will be pushed to the right, thus it becomes d
′
xj+1
,
and d′
x+0
= d′x0+1. As bz˜ is the only band attaching d
′
x0 and d
′
x0+1
, the resulting surface is
braided BKL-homogeneous.
3) As x0 + 1 is the successor of x0, the set B
τ can be slipped or slid up keeping the original
order (concretely a slide up acts on those bands in Bτx0 while a slip up is performed on
the others). The slid up bands have just changed one of their attaching regions from dx0
to d′x0+1, as can be seen in Figure 7C , so the surface is still braided BKL-homogeneous.
4) Sliding up bz0 over bz˜ (giving a new band bz′0) transforms τ into τ
′, which is loose
(Figure 7D), and ϕ into ϕ
′. Apart from τ , other rays of ϕ can cross bz0 . In fact, if there
are exactly k + 1 arcs of ϕ contained in bz0 then δb(ϕ
′) = δb(ϕ) + k − 1.
5) Since τ is loose, tip(τ ′) can be pulled along the border of the surface as shown in
Figure 7E , arising the new ray τ
′′ in the new star ϕ′′. Clearly δb(τ ′′) = δb(τ ′) − 1 and
δb(ϕ
′′) = δb(ϕ′) − 1 = δb(ϕ) + k − 1. Notice that every arc originally contained in the
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Figure 7: This figure illustrates the steps followed in proof of Lemma 7.1.
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region determined by tail(τ) and the segment joining tip(τ) and coccyx(τ) slides up to
the new disc, without interfering with the other parts of the star, and without increasing
the δb value of its ray. Comparing the original surface with the actual one, we have just
transferred the attaching regions of the bands bz ∈ Bτx0 in ∂(dx0) to ∂(d′x0+1), keeping the
original order and signs, so at this point the surface is braided BKL-homogeneous.
6) Slide up bz˜ over the band joining d
′
x0+1
and d′x1+1, that is, over bz′0 , as shown in the
picture, Figure 7F .
7) The previous movement makes τ ′′ loose again, so its final point, tip(τ ′′), can be pulled
along the border of the surface as before (Figure 7G), arising the new ray τ
′′′ in the new
star ϕ′′′. Clearly δb(τ ′′′) = δb(τ ′′)− 1 = δb(τ)− 1; as other arcs crossing bz0 in the original
situation keep their original δb value, we have δb(ϕ
′′′) < δb(ϕ).
Corollary 7.1. If ϕ is an n-star on a BKL-homogeneous surface S, then there exists an
ambient isotopy of R3 carrying (S, ϕ) to (S′, ϕ′), with S′ = S(w′) a BKL-homogeneous
braided surface and ϕ′ ⊂ S′d a minimal braided n-star (that is, there is a disc of the
standard handle decomposition of S′ containing ϕ′).
Proof. By definition of BKL-homogeneous surface, there exists an ambient isotopy It of
R3 such that I1(S) = S = S(w), with w a homogeneous BKL-word. Consider I1(ϕ) = ϕ,
which is an n-star on the surface S, and reduce it till it is minimal (of course, this isotopy
is easily extended to an ambient isotopy of the whole R3). If δb(ϕ) = 0 the n-star does not
cross any band, so ϕ ⊂ S′d and ϕ′ = ϕ and S′ = S. Otherwise, apply repeatedly Lemma
7.1, which preserves the BKL-homogeneous character of the surface, until the image of ϕ
does not cross any band.
Proposition 7.1. Let S1, S2 be two BKL-homogeneous surfaces and let S = S1 ∗ S2 be
their Stallings plumbing; then there exist three BKL-homogeneous braided surfaces S′, S′1
and S′2 ambient isotopic to S, S1 and S2 respectively, such that S′ = S′1 ∗S′2 is the braided
Stallings plumbing of S′1 and S′2.
Proof. Let ϕ1 ⊂ S1, ϕ2 ⊂ S2 be the n1-star and n2-star used in the original plumbing,
respectively. Applying Corollary 7.1 we can assume that there exist two isotopies It and
Jt such that I1(S1) = S
′
1 with S
′
1 a BKL-homogeneous braided surface with I1(ϕ1) = ϕ
′
1
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contained in a disc of S′1, and the analogous statement for Jt and S2. Applying twirls
to a surface does not affect its BKL-homogeneity, so we can consider ϕ′1 contained in
the rightmost disc in S′1 and ϕ′2 in the leftmost disc in S′2. The order in the bands in
the original plumbing was given by an orientation-preserving homeomorphism h : N1 ⊂
S1 −→ N2 ⊂ S2; so, up to turns of the original surfaces, the order in the bands in the
plumbing S′1 ∗ S′2 will be given by Jt ◦ h ◦ I−1t . By construction, the surface S′1 ∗ S′2 is
ambient isotopic to S.
Proposition 7.2. If S is a BKL-homogeneous surface deplumbed into surfaces S1 and
S2, then S1 and S2 are BKL-homogeneous.
Proof. Since S = S1 ∗ S2, there exists a sphere S2 separating S3 as in Section 6, with
N = S1
⋂
S2 ⊂ S2 being an ni-patch in Si, denoted by Ni, regular neighborhood of a
certain ni-star ϕi in Si, i = 1, 2; the “gluing order” is given by h : N1 −→ N2. We can
take ϕ1 and ϕ2 so that ψ = ϕ1
⋃
ϕ2 is an (n1+n2)-star on N . As S is a BKL-homogeneous
surface, by Corollary 7.1 there exists an isotopy, It, carrying S to S
′ = S(w′), with w′ a
homogeneous BKL-word and I1(ψ) contained in a disc, d̂. As S
2 separates S1 and S2 in
the original situation, I1(S
2) separates I1(S1) = S
′
1 and I1(S2) = S
′
2, that is, there are no
bands attaching discs from S′1 to discs from S′2 other than d̂. Note that neither discs in S1
nor discs in S2 are necessarily consecutive. As S
′ is a BKL-homogeneous braided surface,
S′1 and S′2 are.
The main theorem follows from Propositions 7.1 and 7.2:
Theorem 1.1. Let S be a Stallings plumbing of Seifert surfaces S1 and S2; then S is a
BKL-homogeneous surface if and only if both S1 and S2 are BKL-homogeneous surfaces.
Corollary 7.2. Any generalized flat surface spanning a pseudoalternating link is a BKL-
homogeneous surface. In particular, any pseudoalternating link is a BKL-homogeneous
link.
Proof. By definition, a generalized flat surface is constructed by performing a finite number
of Stallings plumbings of primitive flat surfaces. Then, by Theorem 1.1, it is enough to
show that primitive flat surfaces are BKL-homogeneous. Such a surface is the projection
surface of either a positive or a negative diagram (with no nested Seifert circles). In [12]
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it is proved that the projection surface of a positive diagram is a BKL-positive surface
(called quasipositive in Rudolph’s paper); with the same argument applied to the mirror
image, it follows that projection surfaces constructed from negative diagrams are BKL-
negative. And both BKL-positive and BKL-negative surfaces are obvious examples of
BKL-homogeneous surfaces.
Corollary 7.3. Let D be an oriented homogeneous diagram of an oriented homogeneous
link L. Then its projection surface is a BKL-homogeneous surface. In particular, any
homogeneous link is a BKL-homogeneous link.
Proof. As L is a homogeneous link, it is pseudoalternating. In fact, the projection sur-
face constructed from D, SD, is a generalized flat surface spanning L; thus SD is BKL-
homogeneous and L is a BKL-homogeneous link.
We just want to mention an example of homogeneous link which has a minimal non-
homogeneous diagram in the sense of minimal crossing number. This question was posed
by Peter Cromwell in [7], and it was motivated by the fact that a non-alternating diagram
of a prime alternating link cannot have minimal crossing number [10]. The example is
the Perko’s knot given by the equivalent diagrams 10161 ≡ 10162, as the diagram 10161 is
minimal and non-homogeneous, and the diagram 10162 is positive hence homogeneous.
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